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Abstract

The Julia sets B, belonging to a family of mappings T :€ + € whera

A
A 1s a parameter 13 investigated. The mappings ara defined by Thn = [1—:}2
for each z € €L and A € B. For A 2 2, Bh is described and an associated
invariant messure is constructed, The resulting system is shown to be
{somorphic to a Berpoulli system. The corresponding orthogonal polynomials
sre considered in detall, and are shown te generalize Tchebychelf polynomials.
For - %-: A <2, and for |.'.'|.E < E]'-ulth A e L, the natura of Bl as & subset

of the complex plane is characterized and described. The relationship

between B and the theory of iterated mappings from a real Interval into

itself, is explained,



1. Introduoction

Tn this paper we consider a family of Invariant sets which are associated
with a one-parameter familyof quadratic maps from the complex plane [ intao

itself. The parameter is A, which may be teal or complex, and the mapping

TA:ESFE la defined by

t2= (-2)® | zet. (1)
For A # D, TA is related to the mapping
Tz =1-2s, (2)

which has bean extensively studled in the context of 1teratéd maps, see
Feigenbaum {111, and also the book by Collet and Eckmann [9] and the references

therein. The relatfonship is
AR s Y (1)

where A [s the affine transformation

At = A=z, Atz =1 - 2 (4)

%i is usually viewed as a mapping from the real interval [=1,1] inte iteelf,

and then } lies in the interval [0,2]. This is equivalent to looking at

TL as a mapping from the interval [0,2)] into itself, which againm corresponds
to ) € [0,2]. In these cases notice that the critical values of A, at which

occur such phenomens ss the first appearance of hﬁﬂ?ﬂl&ﬂ and the onset of
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argodie behavior, are the same for both mappings. Another equivalent trans=
formation iz = * nz = A

The invariant sat which we study will be denoted by B , and is among
those firat examlned by Fatou [10] and Julia [16] in the context of an ar-

bBitrary rational transformaticn. With the notation
Tn F—3 Tn+1 n L
VB =, and y 2= TL{TRE} forune {0,1,2,°°+}, (5)

B; can he defined to be those polnts in the complex plane where the sequencea
{T:z} ig not normal. This definition is the starting point of the survey
by Brolin [7]. Howewer, we will adopt a differemt approach.

We begin with the sec El of formal objects {A+ (A t (At+s++ ad infinitum
where all possible sequences of plus and minus signs are included. Then we
seek 8 corresponding subset B, of the complex plane vhich possesszes all of
the properties which are suggested by ii+ To see what these propertles are,
and why they are of interest, let us pretend for the moment that %1 makes
computational sense, and describe briefly the results of some numerical EKPEIiT
ments which we carcied out at the inception.

For warlous sequences of, say, Fifty plus and minus signs and for various

values of A we caleculated the numbers

}Ll'l{:}at Y tﬁ}ill}_ E'E‘J
tﬁn timu_T

i@
For complex numbeérs z = 1@ with -7 < B £ 7 we set

7 EiEth. (7

and

Seie )V e AT e < @m0y 5

i R sepcps.
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This prescription corresponds to a negative axig branch cut. The results
which we obtainsd are essentially those displayed im Figures 3 to & in
Section 4. The caleculated get appears to become the unit elrele
{z e II lzi = 1} as A approaches zero, Whilst for A = 2 it lies thickly
on the real interval [0,4]. TFor 0 < A < 2 more complicated figures were ob-
tained: for A = 0.7 the set looks something like the Boundary of a holly
leaf, For A*2 it was found to lie wpon the real axis and to consist of
distinet points.

Woting that when A = 0 the unit cirele is actually an invariant set for
TD’ whilst for A = 2 the real interval [0,4] 1is sn invariant set for T.,
it becomes clear that what we are tracking 1n the shove calculations 1s a certain
invariankt set of Tl‘ This being the case, the subset of this set which lies
on the real line must be an Invarisnt set for the restriction of the mapping
to the real 1ine, HNow, a k-cycle for Tliﬂ + R ia an invariant set] and it
appears that ﬁh moves graduslly from the complex plane ento the real line, with
Increasing real l, and thiz movement 15 coincident with the occcurence of
real k-cyecles for higher and higher k values. Thue, it is natural to asscciate

with a k-cyele of '1':.l ona of the memhers of ii which has a réecurring seqguence of

plus and minus signs with perfiod k. For eéxample, one anticipates that

At O+ VT - ST+ VO --eo (9)

is assoclated with a ?-ecyele of Tl' When it First becomes real one expects that
a real 2-cycle has first appeared for that value of A.

The set ll’ to be associsted directly with ﬁl will possess the kinds of
peroperties indicated above. It thus provides insight inte the behavior of
the real map and into such phenomeéna as the cascades of bifurcations, the
Feigenbaum numbers, and the onset of (nontrivial) ergodie properties. In the
end ﬁh becomes a convenient notation and mmemonic for thinking about the detailed

structure of ..

A



Similar computations to the ones mentionod above have been made by
Mandlebrot [19], who has produced some Beautiful pictures of B,. He views
B, as an example of a fractal set, and alse asg an -attractor for an appropriately
defined {generalized) discrete dynamical system, bascd wpon Inverse mappings.
One reason why we first became interested in Bl was because it arose for
A =3 in the context of the Diophantine Moment Problem (D.M.P.) [3]1. This

appeared in an attempt te predict the critical Indices for Ising

model lattice gases, basing the investigation upon the fact that certals
related series seem to involve only integer ceefficients The Dicphantine
Moment Problem is this: classify as a function of the positive parameter A

the positive measures 0 such that

wo= (A" et (10}
n
0
is an integer for each ne 1D.1.;;**}. The problem was complately solwved
for & <4 and largely solved for A = & (leading, incldently, to a noval
resolution for a one-dimensional Ising model). For @ > A > 6 1t wag shown

that there exists a transformation upon the generating function

6 () = (A0 (11)
o

14ex

which ylelds a new generating function GE{H} with E < h. The measure which
ts assocclated with the latter alse has the Diophantine property. However,
the point which is important to us here is that the support of the measure
for a fixed point of the transformation was assoclated with Ea+ Chir present
tnvestigation provides results which may bear directly upon the D.M.P.
and certain Ising models, and which alsc relate these areas with the tople of

irerated maps of intervals.




e study ‘of Bl alss tnvolves other areas of Intecest o mathematleal
physies, namely invarlant measures, {somorphisms of systems, and orthogonal
polynomials, The motion of the points of El under the mapping Tl‘ apd the
explicit constructien of the corrvesponding invarlant measure is of Interest
in its own right {see for example Lascta and Yorke 171} and has been considered
previowsly by Brolin [7]. Here we establish ergedic properties of the
resulting system by means of an {somorphism of systems, in the sonse of
Billingsley [5]. Alse we characterize the invariant measure in terms of an
assoclated family of orthogonal polynomisls. Thae possibility of seo doing
g unusual because of the singular nature of the measure. A di rect connection
between By and a Jacobi matrix is obtained, which allows one to envisage a
physical system whose spectrum is BL*

We have so far mentioned our subject matter, motivatlions, and oblectives,
Wa now summarize what we achicve. In Section 2 we examlne the case 2 £ LS m,
for which it is known that Bl lies entirely upon the real axis. Some of
our approach may be seen as a melding of ideas of Fatew and Brolia. In 52,1
we succeed In a direct construction of !1 which displays its connection with 31
and shows the opevation of Tl on B, to be equivalent to that of the right-
ghift operator upon the set  of half-infinite Bernoulli sequences; we also
discover a distance functlon which is natural to B,, ylelding a simple demonstra-
tion that its Lebesgue measure is zeéro vhen A > 2, and providing a new upper
bound for its Hausdorff dimension. Finally in §2.1 we construct the measure
upon BA' which is invariant and mixing under T,, by means of a special sequence
of approxisating measures, This measure is singular with respect to Lebasgua
measure and has no purely atomic component. In §2.2 we estahlish an Isomorphlsm
of systems which relates the Invariant to the uniform measuve upon {1, and shows

that the action of T, upon B, has entropy equal to lm 2. 1In §2.3 the approxi-



nating measures are related to a set of monie polynomlals, orthogonal with
réspect to the invarfant mesasure. A mathed for calculating all of these poly-
nomials §s provided, and certain identities which obtaia among the coelfilelents
of the associated three-term recurrence relations are discovered. Interrelations
between the polynemials reflect the structure of Bi+ In particular, it is
found possible to completely describe an infinite subsequence of Padé approxi-
mants to the generating function. It is also shown that the polynomials are
none other tham the Tchebycheff polynomials when A= 2, and that thay
generalize the latter in 8 nontrivial way when S

Tn Seetion 3 we consider the cases —-%.i A< 2and |A| < %‘wilh he B

I §3.1, for - < A <2, B is realfzed as the boundary of the image under

a conformal mapping Fl of the exterior of the unit e¢ircle, with the proparty

T, o F, =F o T (12)

A A

The possibility of such characterizations in general was known to Fatou:
equation {12) iz the Bottcher equation (see [10] §8) for T, about the point
g = o ywhich 1is both a fixed peint for T

A

and it relates the actlon of Tl an Bl to that of TD o BD‘ the unit cirecle.

and a critical peint for its inverse,

We describe the construction of Fl with the aid of a specific sequence of
analytie functions {f“{zj} which converge to it. The corresponding decreasing
set of boundaries which we obtain, and which converges to B,, 1llustrates in

a more specific and constructive manner than I8 usually possible, a general
technique in the srea of iterated rational functions. The explicit form of

the results is a consequence of having the formulas A +Vz for the two

branches of the inverse of T, A new type of approximation te B, is provided by
a second sequence of analytie functions {E:E:}}, which are assoclated with

an increasing set of boundaries, and which, in the appropriate sense, approach
B. from the "™inside.” Our construction turns out to be of especial interest: we

A
have recently proved [4] that the sequence of tree-like boundaries in fact con-



