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Abstract

The Julia sets B^ belonglng to a famlly of rnappings T :0 -r c where

tr is a parameter is invegt',igated. ?he nappings are defined by Tr , = 1[-z)z
A

for  each z e C and ) ,  e  R.  For  I  > 2"  Bl .  is  descr ibed and an assoclated

invar iant  measure is  constructed.  The resul t ing system is  shown to be

isourorphic to a Bernoul l i  system. The corresponding or thogonal  polynoraia ls

are eonsldered in deta i l ,  and are shown to general - ize Tchebychef f  polynomials .

1  , - ,  1
fo r  -  

f ,<  
) \  <  2 ,  and fo r  l f  l  .  

iw i th  
I  e  [ ,  the  na ture  o f  B^  as  a  subset

of the complex plane is character ized and described. The relat ionship

between B and the theory of iterated mappings from a real interval into

i t se l f ,  i s  exp la ined .



t . In t roduct ion

In th is  paper we consider  a fami ly  of  invar iant  sets which are associated

wi th a one-parameter  fami ly  of  quadrat ic  maps f rom the complex p lane G into

i tse l f .  The parameter  is  ) . ,  which may be real  or  complex,  and the napping

T . : G + G  i s  d e f i n e d  b y
A

T I ,  
=  ( \ - r )2

f ^ r= l - ) , 22 ,

z e U . .

For ), # 0, re lated to the nappingT^ is

( 1 )

( 2 )

the context  of  i terated maps,  see

Col let  and Eckmann [9]  and the references

which has been extensively  s tudied

Feigenbaum f111,  and a lso the book

therein.  The re lat ionship is

an

by

- 1
=A-T t rA , (3 )

where A is the affine transformation

A z  =  ) t -  ) t z , A . - L r = L - z / \ , . {4 )

tu
T l i s  usua l l y  v i ewed  as  a  mapp ing  f rom the  rea l  i n te rva l  [ - 1 ,1 ]  i . n to  i t se l f ,

and then ), l ies in the interval lOrZ7. This is equivalent to looking at

T.  as a mapping f rom the in terval  [0r2L]  in to i tse l f ,  which again corresponds
n

to I  e  [0,2] .  In  these cases not ice that  the cr i r ica l  va lues of  t r ,  a t  which

occur such phenomena as the first appearanc" ot:t-"ycles and the onset of

tuTr



The invariant set which r,re study wil l be denoted by B , and is among

those  f i r s t  examined  by  Fa tou  [10 ]  and  Ju l i a  [ 16 ]  i n  t he  con tex t  o f  an  a r -

b i t rary rat ional  t ransformat ion.  I ,J i th  the notat ion

t l ,  =  z ,  and t l * t "  =  r^( r lz )  for  n  e  {0 , I ,2 , " ' } , ( 5 )

B^ can be def ined to be those points in  the complex p lane where the sequence

r-Il r
t f ^ z i  i s  no t  no rma l .  Th i s  de f i n i t i on  i s  t he  s ta r t i ng  po in t  o f  t he  su rvey

by  B ro l i n  [ 71 .  Howeve r ,  we  r v i 1 l  adop t  a  d i f f e ren t  app roach .

We beg in  r v i t h  t he  se t  t l  o f  f o rma l  ob jec t s  { f t  ( I  t  ( I t . . .  ad  i n f i n i t um

where a l l  possib le sequences of  p lus and minus s igns are inc luded.  Then we

see l i  a  co r respond ing  subse t  B l  o f  che  comp lex  p lane  wh ich  possesses  a l l  o f

the propert ies which are suggested by f i^ .  To see what  these propert ies are,

and why they are of  in terest ,  le t  us pretend for  the moment that  t^  makes

computat ional  sense,  and descr ibe br ief ly  the resul ts  of  some numer ical  exper i=

ments which we carr ied out  at  the incept ion.

For  var ious sequences of r  say,  f i f ty  p lus and minus s igns and for  var ious

values of  I  we calculated the nr :mbers

e rg< ld i c  behav io r ,  a r  e  t he  same fo r  bo t l ' r  mapp ings .

f o r m a t i o n L s z + 1 2 - ^ .

1' ,o trr.s J

- T I < 0 < f i w e s e t

<0

( ' lT.

Another  equivalent  t rans-

(6 )

( 7 )

For cornplex number s z = t"i0 tith

{ ;  = G " to lz,

-  i ( 0 / 2 + T t )  : c
f e r r

i ( 0 /2 - r )  :  c
r  E  I I

- ' r  <0

0  <0

,/i

G

and

_G= ( 8 )



firls prescrlption corresponds to a leggliyq i>r1g branch cut, The results

which we obtained are essent ial l -y those displayed in Figures 3 to 6 ln

Sect ion 4. The cal-cul-ated set appears to become the unit  c irc le

lu ,  a l  l " l  =  l ]  as  I  approaehes zeror , ' ioh i l s t  fo r  t r  =  2  l t  l i es  th ick l -y

on the real interval  [0141. For 0 S tr  < 2 more connpl icated f igures were ob-

tained: for tr - 0.7 the set looks something like the boundary of a holly

leaf.  For l>2 Lt was found to l ie upon the real axis and to consist  of

d is t inc t  po in ts

Noting that when I = 0 the unit circle is actually an invariant set for

T^. whi lst  for ) t  = 2 the real interval  [0r4] ls an invariant set for Trr
U '

it becomes cl-ear that what we are tracking in the above calculations l-s a certal-n

invariant set of  T^. This being the case, the subset of this set vhich l ies

on the real- line must be an invariant set for the restriction of the mapping

to the real l ine. Now, a k-cycle for T^;R +L is an invariant set;  and i t

tu
appears.thaL 3^ moves gradually from the com.plex pLane onto the real line, with

increasing real- l, and this movement is coincident wLth the occurence of

real- k-cycles for higher and higher k values, Thus, it ls natural to associate

tu
with a k-eycLe of T^ one of the members of B^ whLch has a recurring- sequence of

plus and minus signs with period k. For example, one anticipates that

l ,+  V11'+ / (X ' - . , l ( I -+ {1- . . . (e)

is associated with a 2-cycle of T^. I{'hen it first becomes real one expects that

a real 2-cycle has first appeared for that vali-re of 1,.

The set B^r to -be associated direct ly with H^ wi l l  possess the kinds of

peroperties indicated above. Tt thus provides insight into the behavior of

the real- map and into such phenouena as the cascades of bifurcations, the

Feigenbar.rm numbers, and the'onset of (nontr iv ial)  ergodic propert les. In the

end B^ becomes a convenient notation and mremonic f,or thinking about the detailed

s t ruc ture  o f  B^ .



Simi lar  ce- ' rnprutat ions to the ones ment ioned above have been made by

Mand leb ro t  i 191 ,  vho  has  p roduced  some beau t i f u l  p i c tu res  o f  B^ .  He  v iews

B^ as an example of  a f racta l  set ,  and a lso as an at t ractor  for  an appropr iate ly

;dbf ined (general ized)  d iscrete dynarnical  system, based upon inverse mappings '

One reason why we f i rs t  became interested in  81 was because i t  arose for

I  = 3 in  the context  of  the Diophant ine Moment Problem (D.M.P.)  t : : .  This

appeared in an at tempt to predict  the cr j - t ica l  ind ices for  Is ing

model  la t t ice gases,  basing the invest igat ion upon the fact  that  cer ta in

re lated ser ies seem to involve only in teger  coef f ic ients The Diophant ine

ldoment  Problem is  th is :  c lass i fy  as a funct ion of  the posi t ive parameter  I

the positi-ve measures o such that .::

o 
= 

{t* 
do(x) (10 )

(1  1 )

The measure which

is an integer for each ne {0 ,1,4'"} .  The problem was completely solved

for ) ,  < 4 and largely solved for t r  = 4 ( leading, incident ly,  to a novel

resolut ion for a one-dineasional Is ing model).  For -  )  ) ,  > 6 i t  was shotrn

that there exists a transformation upon the generat ing funct ion

c^(w) = 
{^#*)- 

.

which yields a new generating function gY(w) with tr < 6.

is  associated wi th the la t ter  a lso has the Diophant ine property .  I lowever,

the point which is important to us here is that the support of the measure

for  a f ixed point  of  rhe t ransformnt ion was associated wi th f i r .  O,- r t  present

invest igat ion provides resul ts  which may bear d i rect ly  upon the D.M.P.

and cer ta in Is ing rnodels,  and which a lso re late these areas wi th the topic  of

i terated maps of  in tervals .



Our  s t r r r l y  o f  B^  a l so  i r t vo l - ves  r , r t l t e r  a re . l s  o f  t t r t e res t  i n  r i r a thema l l ca l

phys i cs ,  name ly  i nva r i an t  measu les ,  l somorp | i sn rs  o f  sys tems ,  and  o r thogona l

polynomials .  The mot ion of  the Points of  B^ under the mappi . tg  T) . ,  and the

exp l i c i t  cons t r -uc t i on  o f  t he  co r resppnd ing  i . nva r i an t  measu re  i s  o f  i n te res t

i n  i t s  ov rn  r i gh t  ( see  fo r  examp le  Laso ta  and  Yo rke  t -171 )  and  has  been  cons ide red

p rev io ' s1y  by  B ro l i n  [ 7 ] .  He re  r . / e  es tab l i sh  e rgod l c  p rope r t i es  o f  t he

resul t ing system by means of  an isomorphism of  systems,  in  the sense of

Bi l l ings ley t5J.  Also we character ize Lhe invar lant  measure in  terms of  an

assoc ia ted  fam i l y  o f  o r t hogona l  po l ynomia l s .  The  poss ib i l i t y  o f  so  do ing

is  unusual  because of  the s ingular  nature of  the measure.  A d i rect  connect ion

between B^ and a Jacobi  matr ix  is  obta ined,  rvh ich a l lows one to envisage a

physical  system wl ' rose spectrum is  B^.

I { e  have  so  fa r  rnen t i oned  ou r  sub jec t  ma t te r ,  mo t i va t i ons ,  and  ob jec t i ves '

We now sunmrarize what we achieve. In Section 2 rve examine the case 2 < tr < -'

for  which i t  is  known that  Btr  l ies ent i re ly  upon the real  ax is '  Some of

ou r  app roach  may  be  seen  asa  me ld ing  o f l deas  o f  Fa tou  and  B ro l i n '  I n  52 '1

we succeed in a d i rect  const luct ion of  B^ which d isplays i ts  connect ion wi th t^

and shows the operat ion of  T^ on B^ to be equivalent  to  that  of  the r ight-

sh i f t  ope ra to r  upon  the  se t  f , l  o f  ha l f - i n f i n i t e  Be rnou l l i  sequences ;  we  a l so

discover  a d is tance f r . rnct ion which is  natura l  to  B^,  y ie ld ing a s inple demonstra-

t ion that  i ts  Lebesgue measure is  zero r r rhen t r  > 2,  and provid ing a new upper

boi :nd for  i ts  Hausdorf f  d imension.  F lnal ly  in  $2.1 we construct  the measure

upon B^,  which is  invar iant  arrd mix ing under T l ,  by means of  a specia l  sequence

of  approxiunt i r - rg measures.  This measure is  s ingular  wi th respect  to  Lebesgue

measure and has no purely  atomic component .  In  52.2 we establ ish an isomorphlsrn

of  systems which re lates the l -nvar lant  to  the uni form measure upon O, and shows

tha t  t he  ac t i on  o f  T^  upon  B^  has  en t ropy  equa l  t o  l n  2 .  I n  52 '3  t he  app rox i -



l na t1ng  measu res  a re  re la ted  to  a  se t  o f  mon ic  po l ynomia l s ,  o r t hogona l  w l t h

respect  to  the invar iant  measure.  A nethod for  ca lculat ing a l l  o f  these Poly-

nomial -s  is  prov ided,  and eer ta in identLt ies which obta in among the coef f lc l -ents

of  the associated three- term recurrence re lat ions arr 'e  d iscovered.  In terre lat ions

between the polynomials  ref l -ect  the st ructure of  B^.  In  par t icu lar ,  i t  ls

found possib le to complete ly  descr ibe an in f in i te  subsequence of  Pad6 approxl -

mants to the generating function. It is also shor^rn that the polynomials are

none other than the Tchebycheff polynomials r. ihen ). = 2, and that they

general ize the lat ter in a nontr iv ial  way when ^ > 2.

I n  S e c t i o n  3 w e  c o n s i d e r  t h e  c a s e s  - * : l  <  2  a n d  l l l  < | w i t h  t r e  c .

1
In  53 .1 ,  fo r  -  

t :  
f  12 ,  B  is  rea l i zed  as  the  boundary  o f  the  image under

a conformal mapping F^ of the exter ior of  the unit  c irc le,  with the property

Tl o Fl. = Fl, o To ( 12 )

The possib i l - i ty  of  such character izat ions in  general -  was known to Falou:

equa t i on  (12 )  i s  t he  B i i t t che r  equa t i on  ( see  [10 ]  98 )  f o r  T^  abou t  t he  po in t

z = * ,  which is  both a f ixed point  for  T^ and a cr i t ica l  point  for  i ts  inverse,

and i t  re lates the act ion of  T^ on B^ to that  of  TO on BO, the uni t  c i rc le.

We descr ibe the construct ion of  F^ wi th the a id of  a speei f ic  sequence of

analyt ic  funct ions { fo(z)}  which converge to i t .  The corresponding decreaslng

set  of  boundar ies which we obta in,  and which converges to B^,  i l lust rates ln

a more speci f ic  and construct ive manner than is  usual l -y  possib le,  a general

technique in the area of  i terated rat ional  funet ions.  Ihe expl ic i t  fo iut  of

the resul ts  is  a consequence of  having the formulas ) ,  l f i  tor  the two

branches of  the inverse of  T^.  A new type of  approximat ion to B^ is  prov lded by

a second sequence of  analyt ic  funct ions { f * (z)} ,  which are associated wi th

an increasing set  of  bor- r rdar ies,  and whichn in the appropr iat .e sense,  approach

B .  f r om the  " i ns ide . "  Ou r  cons t ruc t i on  t u rns  ou t  t o  be  o f  espec ia l  i n te res t :  we
A

have recentl-y proved t4-i that the sequence of tree-like boundaries in fact con-


